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Progress in the application of finite-volume methods to the calculation of transonic potential flows past
general wing-body combinatiens is reviewed. Two different methods of generating boundary-conforming grids
are investigated, and the results compared to provide an estimate of solution sensitivity to grid geometry. Both
conservative and quasiconservative difference schemes are used in one of the coordinate systems. Results show
that the error introduced by the quasiconservative formulation seems to be small, although a one-dimensional
analysis suggests that schemes of this type may violate conservation of mass, except in the limit when all shocks
are weak. Comparison of calculated results with experimental data for realistic fuselage geometries clearly shows
the importance of modeling the effect of fuselage geometry upon the wing pressure distribution.

I. Introduction

HE development of finite-difference methods for the

prediction of transonic flows about realistic aircraft
configurations has been much more rapid in cases for which
the small-disturbance approximation is applicable than when
the full potential equation must be solved. This is due in large
part to the geometrical simplification afforded by use of the
mean-surface approximation when satisfying the body-
surface boundary conditions. This approximation is con-
sistent with the accuracy of the small-disturbance equation,
and generally allows the use of a simple Cartesian coordinate
system regardless of the complexity of the body geometry. In
many cases, however, the inaccuracy associated with the
small-disturbance approximation and, in particular, that due
to the singularity at blunt or rounded leading edges, makes the
use of the full potential equation desirable.

The accurate specification of boundary conditions when
using the full potential equation requires either that the
calculation be perfomed in a boundary-conforming (or body-
fitted) coordinate system,! or that interpolation formulas be
applied at the body surface. 2* The complexity of the program
logic required to determine and properly account for all the
possible mesh-surface intersections, and the inefficiency of
clustering mesh lines near the body surface when using a
Cartesian grid make the former approach attractive.

The generation of a suitable boundary-conforming
coordinate system, at least for realistic geometries, is not a
trivial matter. The task is made much simpler if we require
that the transformation be defined only locally. This is the
primary advantage of the finite-volume techniques*® and
forms the basis of their relationship to finite-element
methods. In this paper we take advantage of this sim-
plification, constructing boundary-conforming coordinate
systems for a class of wing-fuselage configurations using
sequences of simple conformal and shearing transformations.
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The labor of transforming the potential equation under this
sequence of mappings would be prohibitive, but the finite-
volume methods require only local knowledge of the trans-
formations; i.e., the coordinates of the corners of each mesh
cell.

In the following section, both the conservative and
quasiconservative formulations of the finite-volume methods
will be reviewed. The construction of the two mesh systems
generated for the application of the technique to wing-
fuselage calculations will then be described. Finally, results
will be presented which indicate the lack of sensitivity of the
results to the details of mesh geometry; show that the error
introduced by the quasiconservative formulation seems to be
small; and show promising agreement with experimental data
for practical wing-fuselage geometries.

II. Analysis

A. Finite-Yolume Schemes

The equations of steady, inviscid, isentropic flow can be
represented as follows. Let x,y and z be Cartesian coordinates
and u,v, and w be the corresponding components of the
velocity vector g. Then the continuity equation can be written
as

(ou) .+ (pv) , + (pw) , =0 0))

where p is the local density. This is given by the isentropic law
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where v is the ratio of specific heats, and M,, is the freestream
Mach number. The pressure p and the speed of sound a follow
from the relations

p=p"/(YML) 3)
and
a?=p"1/MZ O
It follows from Eqs. (2-4) that
do
@22 =—p/a’ (&)
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whence Eq. (1), upon multiplication by a?/p can be written
a?(u,+v,+w,) — (uQ,+vQ,+wQ,) =0 6)
where Q=¢g?/2.
Consider now a transformation to a new set of coordinates
X,Y,Z. Let the Jacobian matrix of the transformation be
defined by

Xy Xy Xz

H= <yx ¥y yz » U]

Zx 2y 2z

and let 4 denote the determinant of H. The metric tensor of
the new coordinate system is given by the matrix G=HTH,
and the contravariant components of the velocity vector
U, V, W are given by

U u bx
Vi=H"1{ v =G4 ¢y 8)
w w b

where ¢ is the velocity potential. Upon multiplication by 4,
Eq. (1) can, therefore, be written

(phU) x + (ohV) y + (phW) 7 =0 ©)

Equation (9) can also be expanded in a form analogous to the
usual quasilinear form, and upon multiplication by a2/p
becomes

a2 ((RU) x+ (V) y+ (W) z) = (UQx + VQy+ WQ;) =0
10

Equations (9) and (10) are the starting points for the fully
conservative and quasiconservative finite-volume schemes,
respectively. Equation (9) has the advantage of being in
divergence form, while Eq. (10) avoids the explicit deter-
mination of the density [which, in general, requires that a
fractional power be taken, according to Eq. (2)]. Both forms
avoid the explicit introduction of second derivatives of the
transformation.

The finite-volume schemes corresponding to Eqgs. (9) and
(10) are constructed by assuming separate trilinear variations
of the independent and dependent variables within each mesh
cell. In this way, the derivatives needed to calculate the
Jacobian matrices, metric tensor, and velocity components
can be expressed in terms of the values of the coordinates and
velocity potential at the corners of each mesh cell. Equation
(9) is represented by conserving fluxes across the boundaries
of auxiliary cells whose faces are chosen to be midway be-
tween the faces of the primary mesh cells. The fluxes are
determined using values of the velocities calculated at the
primary cell centers. This has the advantage of requiring only
one density evaluation per mesh point, but also has the un-
desirable effect of decoupling the solution at odd- and even-
numbered points of the grid, and suitable recoupling terms
must be added to stabilize the solution. Equation (10) is
represented by suitable differences of the velocity components
evaluated at the midpoints of the primary cell edges. The
resulting equations are strongly coupled at odd and even
points, but this scheme requires the evaluation of three
velocities per mesh point (in three-dimensional problems).
Nevertheless, the resulting scheme is only marginally less
efficient than the fully conservative scheme for Eq. (9), since
the density need not be evaluated.

Both schemes are stabilized in supersonic regions by the
explicit addition of an artificial viscosity, chosen to emulate
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the directional bias introduced by the rotated-difference
scheme of Jameson.® This artificial viscosity is added in
divergence form in both schemes. Thus, the scheme
corresponding to Eq. (9) is fully conservative, while that
corresponding to Eq. (10) is termed quasiconservative, since
the equation itself is differenced in its quasilinear or non-
divergence form. Results of the two schemes appear to be in
close agreement for the cases calculated to date. The
quasiconservative scheme should be used with caution,
however, since there is no convincing proof that it produces
mass-conserving shocks. In fact, a simple, one-dimensional
argument suggests that the jump conditions consistent with
the quasiconservative formulation are mesh-dependent, and
do not converge uniformly as the mesh is refined (see Ap-
pendix).

The difference equations resulting from either formulation
are solved by successive line overrelaxation. The relaxation
process is viewed as a discrete approximation to an equivalent
time-dependent process, following Garabedian’ and
Jameson.® The insight provided by this procedure is helpful
in constructing convergent and stable iterative schemes.

Further details regarding the difference approximation,
artificial viscosity, and iterative schemes are contained in
Refs. 4 and 5 for the conservative and quasiconservative
formulations, respectively.

B. Grid Generation

The class of geometries to be analyzed is illustrated in Fig.
1. A typical example consists of a swept, tapered wing of
arbitrary planform, dihedral, and section shape mounted
upon a finite fuselage of varying cross-sectional area and
shape. Let x,y,z be Cartesian coordinates in the streamwise,
vertical, and spanwise directions, respectively; the geometry
and solution are assumed to be symmetric about the plane
z=0.

An important advantage of the finite-volume methods is
their decoupling of the solution procedure from the grid-
generation step. This permits the grid to be generated in any
convenient manner. An attractive procedure is to generate the
boundary-conforming grid using a sequence of simple,
analytically defined transformations. Conformal mappings
can frequently be used as building blocks in this procedure,
and are attractive because of their many desirable properties
(such as orthogonality). The finite-volume calculations to be
described were performed on two different coordinate
meshes, whose construction will be described in this section.

Cylindrical/ Wind-Tunnel Grid

The first mesh system to be described is a generalization of
the transformation sequence introduced in Ref. 5 to allow the
fuselage to have a noncircular cross section. Let » and 6 be
polar coordinates in the crossflow planes, defined by

r=(y?+z2)%, 6=arctan(y/z) (11

In each cross plane, the fuselage surface is defined by
r=R;(x,0), and a normalized radial coordinate 7 is defined
by

F=[r—R;(%0))/[R,—R;(x,0)] (12)

where R, is the radius of the cylindrical surface passing
through the wing tip. The wing sweep and dihedral are
normalized out by referencing the coordinates in each surface
of constant 7 to the location of a singular line x,(7), 8, ()
passing just inside the leading edge of each wing section
according to

X=(x—x.(F))/c(7) +log2 (13a)

0=2(0— (1—462/72)0,(F)/[1—462(F)/x?]) (13b)
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a) PLAN VIEW b) FRONT VIEW

Fig. 1 Wing-fuselage geometry.
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Fig.2 Transformation sequence for wind tunnel mapping.

where ¢ (7) is the local chord length.

In a surface of constant 7 intersecting the wing surface (i.e.,
for F=<1), the geometry looks like that in Fig. 2a. The con-
formal transformation$

X¥+if=log[l —cosh(t +in)] (14)

maps these surfaces to the geometry shown in Fig. 2b. The
width of the strip S(&,7) defining the wing surface is a slowly
varying function if the location of the singular line has been
carefully chosen. Thus the introduction of

X=t, Y=n/S(&F), Z=F as)
results is a nearly orthogonal coordinate system in the planes
Z =const.

A Cartesian grid is introduced into the X, Y, Z domain for
~Xim<X=X;,, 0=sY=<l, 0=<Z=<2Z;, (16)
where X, and Z;, are chosen sufficiently large that the

freestream boundary condition can be specified on these
surfaces. Suitable one-dimensional stretching functions are
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introduced in the X,Y, and Z directions to cluster mesh
surfaces in the vicinity of the body. This stretched Cartesian
grid in the X, Y, Z space is then transformed back to give the
Cartesian (i.e., x,,2z) coordinates of each mesh point.

The implementation of the transformation sequence
described above is complicated by the two-dimensional in-
terpolations required to define S(¢,7) as a function of the
input wing geometry and R +(x,0) as a function of the input
fuselage data. This is accomplished by a sequence of spline
fits for the wing surface description, and a spline fit of the
coefficients of a Fourier decomposition of the fuselage cross
sections.

The fuselage cross sections are input at a number of axial
stations. At each input station the cross-section data are used
to determine the coefficients a; of the decomposition of R,
according to

m

Ry(x,0) = Y, azcosj(8+7/2) an
j=1

Only cosine terms are necessary since the fuselage is assumed
symmetric about the plane 0= xw/2. For each Fourier
component (i.e., each j), the coefficients a; are then con-
sidered to be continuous functions of x and are fit with
splines.

The input wing geometry is then mapped to the X, 7,6 system
using the interpolated values of a; to calculate R, from Eq.
(17) for each input point on the wing surface. To obtain the
wing section shapes in the computational surfaces 7=const,a
spanwise spline is fit through each set of corresponding points
at the input stations, and then interpolated upon. Within each
surface of F=const, the conformal mapping of Eq. (14) is
applied, and points corresponding to the required mesh in
X,Y are determined using a spline to interpolate values of
S(&,7) in the £ direction. The physical coordinates of the grid
points are obtained by following the reverse procedure:
Calculating ¥ and § from Eq. (14), using Eqgs. (13) to deter-
mine x and 8, Eq. (12) to determine r, and finally Egs. (11) to
give the Cartesian coordinates.

The most time-consuming step in this procedure is the
calculation of R,(x,0) required in Eq. (12) for each mesh
point. This involves interpolating on splines to find the
Fourier coefficients required in Eq. (17), then summing the
cosine series. The Fast Fourier Transform technique is,
unfortunately, not applicable since the 6 values at which the
values of R, are required are not uniformly spaced. Even so,
the computation time required for the mesh generation step is
a small fraction of the time required for the transonic part of
the calculation. On a 122,880 cell grid, the mesh generation
requires less time than that for 4 relaxation sweeps when the
fuselage cross section is defined by 17 Fourier components at
each of 21 axial stations.

Joukowsky/Parabolic Grid

The second grid system to be described is a generalization to
allow incorporation of a fuselage to the sequence used to
transform the governing equation in Refs. 6 and 9 for isolated
wing calculations.

In each plane of constant x, a Joukowsky transformation is
performed to reduce the fuselage cross section to a near slit
using the mapping

n+it=((y—y,) +iz) +b2/ ((y—y,) +i2) @18)

Here y,(x) is the ordinate of the mean line of the fuselage in
the symmetry plane and b is the fuselage half-height (see Fig.
3a). Next, the detailed shape of the fuselage cross section is
sheared out according to

f“zo(xﬂ?)

19
§e=2Zo(xm) @)

x=x, n=n, Z=
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a) Joukowsky transformation b) Square root transformation

Fig. 3 Transformation sequence for Joukowsky-parabolic grid.

where ¢, is the value of { at the wing tip, and Z,(x,7) is the
height of the mapped fuselage surface above the plane {=0.
The wing surface is then unwrapped in planes of constant Z
about a line x,(Z), n,(Z) just inside the wing leading edge
using the square-root transformation (see Fig. 3b):

X, +iY, = {x—x,(2)] +ily—n,(2)]} * 20

Finally, the bump representing the wing surface is sheared out
according to

X=X, Y=Y,-Y,(X,Z), Z=Z Q1)

where Y,(X,Z) is the height of the mapped wing surface
above the plane Y=0. Again, if the location of the singular
line has been carefully chosen, Y, (X,Z) is a smooth function
and the coordinate system is nearly orthogonal in planes of
constant Z.

As in the case of the cylindrical/wind-tunnel trans-
formation sequence, a Cartesian grid in the domain

—Xjm =X=<Xy,, 0=sYsY,,, 0<Z<2Z, (22)

is mapped back to the physical domain to give the physical
coordinates x,y,z of the mesh points after suitable stretchings
in the X, Y, and Z directions to cluster the mesh lines in the
vicinity of the body.

Two-dimensional interpolations are again necessary to
determine the functions Y, (X,Z) and Z,(x,) in terms of the
input wing and fuselage geometry. Splines are used to in-
terpolate the values of Z,(x,n) at each axial input station,
with linear interpolation in the streamwise direction between
input stations. The wing geometry is transformed according
to Egs. (18) and (19) and the modified wing sections are fitted
with splines to provide section coordinates corresponding to
the required mesh in the X direction. These data are linearly
interpolated in the spanwise direction to give the wing
coordinates at point in the computational mesh.

C. Boundary Conditions

Three types of boundary conditions must be specified to
determine solutions for the potential flow past lifting wing-
fuselage combinations. The no-flux condition must be en-
forced across any solid boundaries (such as the wing and
fuselage surfaces); appropriate far-field boundary conditions
must be specified at the necessarily finite limits of the com-
putational domain; and appropriate jump conditions must be
specified across the vortex sheet trailing behind the wing if it
has lift.

The solid-surface boundary conditions are quite easy to
enforce in boundary-conforming coordinate systems because
the difference schemes are formulated in terms of the con-
travariant components of the velocity. The appropriate
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condition is that the out-of-plane component be zero. This is
incorporated by reflection of the flux contributions for a
given auxiliary cell in the fully conservative scheme, and by
explicitly setting the velocity component to zero in the
quasiconservative scheme.

A disadvantage of the finite-volume schemes is the need to
truncate the usually infinite domains of aerodynamic interest
to finite computational regions. This is in contrast to methods
in which the equation can be transformed analytically with
suitable stretching functions so that the difference mesh
extends to infinity (see, e.g., Refs. 6, 9, and 10). In both of the
analyses treated here, a reduced potential is introduced to
describe the perturbations upon an otherwise uniform stream.
This potential is set to zero on the upstream and lateral
boundaries of the computational domain in both coordinate
systems. The parabolic mapping shrinks the region of flow
perturbed by the presence of the vortex sheet to a slit far
downstream. The condition of zero-reduced potential is
therefore also used at the downstream boundary in the
Joukowsky/parabolic mesh system, except,at the slit itself
where the required discontinuity in potential is preserved. The
streamwise perturbation velocity is set to zero at the down-
stream boundary in the cylindrical/wind-tunnel mesh system.
This is consistent with the linear approximation that the
pressure returns to its freestream value. A better ap-
proximation would be to solve the two-dimensional Laplace
equation in the downstream boundary plane to determine the
crossflow in this numerical approximation to the Trefftz
plane.

The vortex sheet trailing downstream of a finite lifting wing
is a contact discontinuity, across which the tangential com-
ponents of velocity are discontinuous but the pressure is
continuous. In reality, this surface is convected with the
motion of the fluid, and rolls up on itself due to its self-
induced velocities. In our analysis the convection and roll-up
are ignored. Although this seems a gross approximation, it is
thought that errors in the detailed shape of the vortex sheet
will not have a major effect on the wing pressure distribution;
in addition, a consistent model accounting for the roll-up of
the sheet would add greatly to the difficulty of constructing a
boundary-conforming coordinate system. The vortex
filaments comprising the sheet are assumed to lie along the
streamwise coordinates in a surface that leaves the wing
trailing edge smoothly and lies nearly in the plane of the wing.
Thus, a constant discontinuity in potential is continued
downstream from the wing trailing edge in this surface, the
value of the discontinuity being determined by the Kutta-
Joukowksy condition that the pressures on the upper and
lower surfaces match at the trailing edge. The values of the
potential on the sheet are determined by requiring that the
velocity normal to the linearized sheet be continuous. In-
corporation of these constraints is simplified by the fact that
the assumed vortex sheet location is also a boundary surface
of the coordinate system for either mesh.

III. Results

A. Computational Considerations

Results calculated using three separate, but related,
computer programs will be discussed in this section. These
programs are based on various combinations of the above-
described analyses, and will be referred to as follows.

FLO-25: Uses the quasiconservative difference scheme in
the cylindrical/wind-tunnel coordinate system.

FLO-28: Uses the fully conservative difference scheme in
the Joukowsky/parabolic coordinate system.

FLO-30: Uses the fully conservative difference scheme in
the cylindrical/wind-tunnel coordinate system.

Note that FLO-25 and FLO-30 share the same mesh system
for a given wing-fuselage geometry, while FLO-28 and FLO-
30 use the same difference scheme.
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All of the results to be presented here have been calculated
on meshes containing 160x 24 x 32 cells in the X, Y, and Z
directions, respectively. The convergence rate of a relaxation
solution on this fine grid is painfully slow, so preliminary
solutions are obtained on coarser grids and used as initial data
for the fine-grid solutions. A sequence of three grids is
generally used, each being obtained from the previous one by
halving the grid spacing in each direction. Thus, each grid
contains one-eighth the number of mesh cells of the suc-
ceeding grid, and the cost per iteration is almost an order of
magnitude smaller. For the calculations presented here, 200
iterations were performed on each of the coarser grids,
followed by 100 iterations of the finest grid. This procedure
results in solutions of approximately the same level of con-
vergence, measured by the reduction in maximum residual for
each program, and the results can be meaningfully compared.
On the finest grids, the lift may not be completely converged,
but the expense of the calculation precludes a larger number
of iterations. Recent experiments in two-dimensional
calculations !! show that a multigrid technique holds promise
for achieving well-converged solutions at even less cost than
the current runs. The present calculations require ap-
proximately 35 min of CPU time on the CDC 7600 and use
150 K (octal) of SCM and 260 K (octal) of LCM. The solution
and coordinate arrays do not fit into even the LCM of this
machine—they are stored on a disk file and are sequentially
buffered in and out of core as needed for the relaxation
process.

B. Sample Computations

Preliminary results of two of the methods have been
previously presented*$ for a simple configuration consisting
of the ONERA M-6 wing, low mounted on a cylinder whose
axis was parallel to the wing plate. The wing geometry was
identical to that tested by Monnerie and Charpin. 12 Results of
calculations using FLO-25 and an early version of FLO-28

- +

Fig. 4 Symmetric ONERA wing-cylinder configuration.
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showed excellent agreement, but it was uncertain whether
those minor discrepancies which did exist were due to dif-
ferences in the mesh geometries or in the difference schemes
themselves.

To further investigate the difference between the fully
conservative and quasiconservative codes, a similar con-
figuration was analyzed at a higher Mach number using the
two difference schemes on the same coordinate grid. The
configuration was made symmetric by moving the wing to the
cylinder axis, and was analyzed at zero degrees angle of attack
in order to eliminate the possibility of introducing com-
pensating errors by minor differences in the way in which the
Kutta-Joukowsky condition was applied. The configuration is
illustrated in Fig. 4. Results were calculated for a freestream
Mach number of 0.923 using both FLO-25 and FLO-30.
Streamwise wing surface pressure distributions are shown for
two span stations in Figs. 5a and 5b. The results are virtually
indistinguishable, suggesting that the error introduced by the
quasiconservative formulation is indeed small.

The next configuration to be analyzed consists of the same
wing mounted at 3-deg incidence on a nonaxisymmetric
fuselage. A perspective view of the wing and fuselage grids
resulting from the cylindrical/wind-tunnel mapping for this
configuration is shown in Fig. 6. The fuselage has a circular
cross section, except in the vicinity of the wing-fuselage
junction where nonaxisymmetric bulges have been added to
simulate wing-root fairings. The configuration was analyzed
at a freestream Mach number of 0.84 and zero degrees in-
cidence with respect to the fuselage centerline. Results of
calculations using FLO-28 and FLO-30 are presented in Figs.
7a and 7b. The first spanwise station at which results are
shown corresponds to the wing-fuselage junction. Results of
calculations on the two grid systems are in quite close

R _ /

Fig. 6 Perspective view of wing and fuselage grids for ONERA wing
mounted on nonaxisymmetric fuselage.
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Fig. 7 Streamwise wing surface pressure distributions for ONERA
wing mounted on nonaxisymmetric fuselage.

transonic wing.

agreement, except for small oscillations in the lower surface
pressures calculated using FLO-28. These are caused by the
fact that the Joukowsky/parabolic coordinate system is not
completely boundary conforming, because the
fuselage/symmetry-plane intersection is not a coordinate line.
Therefore, the effective- body in this mesh system has a
number of small fins along the upper and lower
fuselage/symmetry-plane intersections whose presence can
have an effect upon the wing surface pressures. For this low-
wing configuration, the effect is noticed primarily on the
lower surface. These spurious fins become arbitrarily small as
the mesh is continually refined, but even on the finest mesh
used in these calculations the effect is apparent.

The last results to be presented are for a modern super-
critical wing fuselage configuration which has been wind
tunnel tested at the NASA Ames Research Center. A per-
spective view of the wing and fuselage grids is shown in Fig. 8.
The configuration consists of a high-mounted swept wing of
supercritical section mounted on a nonaxisymmetric fuselage,
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Fig. 9 Streamwise wing surface pressure distributions for transonic
A-7 wing.

representative of the A-7 attack aircraft. Comparisons of
calculated and experimentally determined wing surface
pressure distributions at two span stations are shown in Fig. 9
for one of the conditions tested.!®> The freestream Mach
number was 0.85 and the angle of attack of both the test and
the calculation was 4.68 deg. The test Reynolds number was
3.8 x 10%; no attempt was made to model viscous effects in the
computation. Two calculations were performed using FLO-30
and FLO-28. The FLO-30 calculation was done for the
complete wing-fuselage geometry pictured in Fig. 8 (including
the wind-tunnel support sting); the FLO-28 calculation was
performed for the wing alone, mounted on an infinite plane
wall passing through the wing-fuselage junction. As can be
seen, the pressure distributions are quite well-approximated
by the results of FLO-30, the discrepancies easily falling
within the range expected due to small angle-of-attack errors
in the experiment or due to viscous effects. The un-
derprediction of the lift by FLO-28 in the absence of the
fuselage is an indication of the importance of the upwash due
to the fuselage on the pressure distribution over the wing,
especially at the inboard stations.

IV. Conclusions

Results of transonic potential flow calculations using the
geometrically general finite-volume method have been
presented for wing-fuselage combinations of varying com-
plexity. Results of calculations on two different coordinate
grids show that the solutions are relatively insensitive to
details of the mesh geometry. The results of the quasicon-
servative and fully conservative difference schemes show
remarkably good agreement in these calculations. However,
there is no fundamental reason to believe that this will always
be the case, except in the limit of weak shocks. Agreement
with experimental data is quite good for geometries of current
practical importance.
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Appendix
A simple one-dimensional example serves to point out a
shortcoming of the quasiconservative difference scheme and
to indicate the limits within which reasonably accurate results
might be obtained. Consider the one-dimensional potential
equation

(I-M*?)$,=0 (A1)

where M*=u/q* is the dimensionless ratio of the fluid
velocity u = ¢, to the sonic speed of sound a*.

A quasiconservative difference approximation to Eq. (Al)
can be written

(I1-M?)(¢;p;~2¢;+¢;_;)+P,—P;,_; =0 (A2)
where the artificial viscosity terms are defined by
Pi=pi($i—20,+0,_;) (A3)
with the switching function p; defined as
p; =max(M?? —1,0) (A9)

The velocities are determined by the central-difference for-
mulas

M= (¢, —¢; ;) /28x (AS)

This scheme reproduces the Murman parabolic and shock-
point operators when u;,_;<0<py; and p,;<0=<p;_,,
respectively. The jump relations are determined by the form
of the shock-point operator:

(I-M{?)($;4, =26, +6;_,)

+(I_M;"_21)(¢,’_2¢,‘_1+¢i_2)=0 (A6)

The solution in the vicinity of a shock consists of a
piecewise linear representation of ¢ as a function of x, with
the shock corresponding to a discontinuity in ¢,. Let the
shock be located a fraction « of the way between the (f — 1)st
and the ith mesh points, and let M} and M3 represent the
dimensionless velocities. of the exact solution upstream and
downstream of the shock, respectively. The central-difference
velocities needed in Eq. (A6) are then seen to be

M =((2—a)Mi+aM?)/2

= (U —a)M3+ (1 +a)M7)/2 (A7)

In terms of the velocities M7 and M3, Eq. (A6) can thus be
written

(—1+a—a? )M} +2[a(a—1)MP + (I+a—a?)] ®
(I+a—a?)

W
=

(A8)

This is the normal shock relation for the quasiconservative
scheme and shows the dependence of the solution upon the
parameter «. If the shock is located at a mesh point, a =0,
and

1=2-M; (A9)
The minimum value of M3 can be shown to result when the
shock is midway between two mesh points, i.e., when a=14.

In this case,

M3=—0.6M}+0.8(5-MP) % (A10)
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Fig. A1 Shock relations for quasiconservative and fully conservative
(isentropic) schemes.

These results are pictured in Fig. Al. The shaded region
represents the range of possible values of M3 as a varies from
0 to Y2; the lower boundary of the shaded region represents
the curve for a=0, while the upper boundary is that for
o= Y. The range of possible downstream states is quite large
for M} greater than about 1.3. This result carries the im-
plication that solutions using such a difference scheme are
dependent upon the location of the shock waves within the
mesh cells. In particular, such solutions cannot be expected to
converge in the limit of small mesh spacing, except in the
rather special case when all shocks are located exactly at mesh
points.

The remarkable agreement between the calculated results of
the quasiconservative and fully conservative schemes is
almost certainly due to the fact that the shock relations of
both schemes agree quite well in the limiting case of weak
shocks. As can be seen, the range of possible solutions for
different values of o becomes quite small for M7 less than
about 1.2; for these values, the result also agrees well with
that for a mass-conserving isentropic shock also shown in the
figure. For comparison, the jump relation for a Rankine-
Hugoniot normal shock is also plotted. Of particular interest
is the fact that the discrepancy due to the quasiconservative
formulation is small when the isentropic approximation is
appropriate.

In summary, this one-dimensional argument provides a
theoretical basis for the good agreement which is observed
between results of calculations using quasiconservative and
fully conservative difference schemes for the potential
equation when the shocks are weak. Due to the dependence of
the jump relations on the fractional spacing of the shock
within the mesh cell, however, solutions using the
quasiconservative scheme cannot, in general, be expected to
converge to a unique solution as the mesh is continually
refined.
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